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We consider the periodic Schro¨dinger operator Dþ V ðxÞ in Rd ; d53 with
potential V in the Morrey class. Let O be a periodic cell for V : We show that, for
p 2 ððd  1Þ=2; d=2; there exists a positive constant e depending only on the shape of
O; p and d such that, if
lim sup
r!0
sup
x2O
r2
1
jBðx; rÞj
Z
Bðx;rÞ
jV ðyÞjp dy
 1=p
oe;
then the spectrum of Dþ V is purely absolutely continuous. We obtain this result
as a consequence of certain weighted L2 Sobolev inequalities on the d-torus. It
improves an early result by the author for potentials in Ld=2 or weak-Ld=2 space.
# 2002 Elsevier Science (USA)
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Consider the Schro¨dinger operator
Dþ V ðxÞ in Rd ð1:1Þ
with a real periodic potential V : In a celebrated work [27], Thomas showed
that, if d ¼ 3 and V 2 L2locðR
3Þ; the spectrum of Dþ V is purely absolutely
continuous. Thomas’ result was extended subsequently by Reed–Simon [20],
Danilov [7], Hempel–Herbst [10, 11], Birman–Suslina [1–3], Morame [19],
and Sobolev [22]. We remark that Danilov [7] studied the Dirac operator
with a periodic scalar potential and [1–3, 10, 11, 19, 22] investigated the
magnetic Schro¨dinger operator ðir aðxÞÞ2 þ V ðxÞ with periodic poten-
tials a and V : In particular, the results in [2, 3], pertaining to the case a ¼ 0;1Research supported in part by the NSF Grant DMS-9732894.
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PERIODIC SCHRO¨DINGER OPERATORS 315give the absolute continuity of Dþ V for V 2 LrlocðR
dÞ where r > 1 if d ¼ 2;
r ¼ d=2 if d ¼ 3 or 4, and r ¼ d  2 if d55: Recently in [21], the author was
able to establish the absolute continuity of Dþ V for V 2 Ld=2loc ðR
d Þ; d53:
In the context of Lp spaces, this is best possible. Ref. [21] also gives the
optimal condition for the absolute continuity of Dþ V with periodic
potentials in Lorentz spaces. See [21, Theorem 1.2].
The purpose of this paper is to study the spectral properties of the
periodic Schro¨dinger operators with potentials in the Morrey class. Our
result improves that in [21].
Definition 1.2. Let g 2 LplocðR
dÞ for some p51: We say g 2 FplocðR
dÞ if
sup
0oro1
x2K
r2
1
rd
Z
Qðx;rÞ
jgðyÞjp dy
 1=p
o1 for any compact K ;
where Qðx; rÞ denotes the cube centered at x with side length r:
Remark 1.3. It is not hard to see that
F
p
locðR
dÞ ¼ LplocðR
dÞ if p ¼ d=2 and d52;
weak Ld=2loc ðR
dÞ  FplocðR
d Þ if 1opod=2 and d53:
Also one may verify easily that
gðxÞ ¼
f ð xjxjÞ
jxj2
2 FplocðR
dÞ if 14pod=2; d53 and f 2 LpðSd1Þ:
This implies that F
q
locðR
d Þ = F plocðR
dÞ if 14poq4d=2 and d53:
Let D ¼ ir and DADT ¼
P
j;k DjajkDk where A ¼ ðajkÞ is a d  d
matrix.
The following is the main result of the paper.
Main Theorem. Let A ¼ ðajkÞdd be a symmetric, positive-definite
matrix with real constant entries. Let V 2 F plocðR
dÞ be a real periodic function
on Rd ; d53 with periodic cell O: Suppose p > ðd  1Þ=2: Then there exists a
positive constant e depending only on the shape of O; A; p and d such that, if
lim sup
r!0
sup
x2O
r2
1
rd
Z
Qðx;rÞ
jV ðyÞjp dy
 1=p
oe; ð1:4Þ
then the spectrum of DADT þ V is purely absolutely continuous.
ZHONGWEI SHEN316Remark 1.5. Our main theorem contains Theorem 1.2 in [21]. This
follows from the estimate
lim sup
r!0
sup
x2O
r2
1
rd
Z
Qðx;rÞ
jV ðyÞjp dy
 1=p
4Cp;d lim sup
t!1
tjfx 2 O: jV ðxÞj > tgj2=d ; ð1:6Þ
where 1opod=2: To see (1.6), suppose that
lim sup
t!1
tjfx 2 O: jV ðxÞj > tgj2=doe0:
Let N ¼ e0=r2: If r is sufﬁciently small,
r2
1
rd
Z
Qðx;rÞ
jV ðyÞjp dy
 1=p
4r2N þ r2
1
rd
Z
fy2O: jV ðyÞj>Ng
jV ðyÞjp dy
 1=p
¼ e0 þ r2
1
rd
Z 1
N
ptp1jfy 2 O: jV ðyÞj > tgj dt
 1=p
4e0 þ r2
1
rd
Z 1
N
ptp1
ðe0Þ
d=2
td=2
dt
( )1=p
¼ Cp;de0:
Hence,
lim sup
r!0
sup
x2O
r2
1
rd
Z
Qðx;rÞ
jV ðyÞjp dy
 1=p
4Cp;de0:
This gives (1.6). Note that, given any a 2 ð0; 2Þ; we can construct a periodic
potential V which satisﬁes (1.4) for some p 2 ððd  1Þ=2; d=2Þ and
V ðxÞ 
1
jx0ja
near x ¼ 0;
where x0 ¼ ðx2; . . . ; xdÞ: However V =2 weak-Ld=2ðOÞ if a > 2ðd  1Þ=d:
Remark 1.7. Under the assumption that V is periodic and satisﬁes
condition (1.4) for some p > 1; one may deﬁne the self-adjoint operator
Dþ V by a quadratic form. See Section 2. However, the problem
PERIODIC SCHRO¨DINGER OPERATORS 317of absolute continuity of Dþ V remains open in the case d54 and
1op4ðd  1Þ=2:
Note that, by a change of coordinates, we may assume that V is
periodic with respect to the lattice ð2pZÞd : Our general approach to the main
theorem is similar to that used in [21]. The main new ingredient is a weighted
L2 estimate in the place of the crucial Lp  Lq uniform Sobolev estimate in
[21]. To describe this new idea, we ﬁx a; b 2 Rd and consider a family of
operators
HV ðzÞ ¼ ðDþ zaþ bÞAðDþ zaþ bÞ
T þ V ; z 2 C ð1:8Þ
on L2ðOÞ where O ¼ ½0; 2pÞd  Rd=ð2pZÞd ¼ Td : Using the Floquet decom-
position and following Thomas’ idea, we reduce the proof of the main
theorem to the problem of showing that, for some appropriate chosen
weight function o; we have
crjjcjj
L2ðTd ;dxo Þ
4jjHV ðzÞcjj
L2ðTd ;dxo Þ
; ð1:9Þ
where z ¼ dþ ir; d is a ﬁxed number depending on a and b; and cr !1 as
r!1: See Section 3.
Our choice of the weight function o will be
oðxÞ ¼ fMðjV jqwON ÞðxÞg
1=q; ð1:10Þ
where Mðf Þ denotes the Hardy–Littlewood maximal function of f on Rd ;
ON ¼ fx 2 O: jV ðxÞj > Ng (N is a ﬁxed large number), and 1oqop: The
main step in the proof of (1.9) is to show that
jjcjjL2ðTd ;odxÞ
4C sup
x2O
0oro1
r2
1
rd
Z
Qðx;rÞ
joðyÞjp dy
 1=p
jjH0ðzÞcjj
L2ðTd ;dxo Þ
; ð1:11Þ
where p > ðd  1Þ=2; H0ðzÞ ¼ ðDþ zaþ bÞAðDþ zaþ bÞ
T ; and C depends
only on p; A and d:
We remark that (1.11) should be considered as a weighted L2 uniform
Sobolev inequality on the d-torus. In the case of Rd ; similar estimates were
established by Chanillo and Sawyer [4] and Chiarenza and Ruiz [6] in the
study of unique continuation problems. The weighted L2 estimates in [4, 6]
for the operator Dþ a  r þ b extend the uniform Lp  Lq estimates
obtained in [14] by Kenig et al. We refer the reader to [13] for an excellent
survey on the topic of unique continuation and uniform Sobolev inequalities.
ZHONGWEI SHEN318To show (1.11), we will appeal to the localization argument developed in
[14]. It reduces (1.11) to the following estimate:
jjcjjL2ðTd ;odxÞ4Cðp; c0; A; dÞ sup
x2O
0oro1
r2
1
rd
Z
Qðx;rÞ
joðyÞjpdy
 1=p
 jjfDþ bÞAðDþ bÞT þ xgcjj
L2ðTd ;dxo Þ
; ð1:12Þ
where p > ðd  1Þ=2; x 2 C and Re
ﬃﬃﬃ
x
p
5c0 > 0: Estimate (1.12) will be
proved by using the Stein complex interpolation theorem, together with a
weighted norm inequality for a fractional integral. See Theorem 4.3.
However, in the localization process, we will need the following weighted
spectral projection estimate for the elliptic operator DADT on the d-torus,
X
jnBj2½k;kþ1Þ
#cðnÞeinx
























L2ðTd ;odxÞ
4Ck1=2 sup
x2O
0oro1
r2
1
rd
Z
Qðx;rÞ
joðyÞjp dy
 1=p8<
:
9=
;
1=2
jjcjjL2ðTd ;dxÞ; ð1:13Þ
where k51 and B ¼ Bdd ¼
ﬃﬃﬃﬃ
A
p
50: See Theorem 5.1. Estimate (1.13) is
the analog of the weighted restriction theorem established in [4, 6]. Clearly,
it would follow from the uniform Sobolev inequality
jjcjjL2ðTd ;odxÞ4Ck
1=2 sup
x2O
0oro1
r2
1
rd
Z
Qðx;rÞ
joðyÞjp dy
 1=p8<
:
9=
;
1=2
 jjðDADT  k2  ikÞcjjL2ðTd ;dxÞ: ð1:14Þ
Finally, we establish (1.14) by proving a weighted version of the Stein
oscillatory integral theorem [25]. We remark that for a compact manifold
without boundary, Sogge obtained the Lp–Lq estimates for the spectral
projection associated with a second order elliptic operator in [23]. The
observation that certain uniform Sobolev inequality implies the spectral
projection estimate is taken from [23].
The paper is organized as follows. In Section 2, we study the properties of
periodic functions which are locally in the Morrey class. In particular, we
show that the self-adjoint operator DADT þ V may be deﬁned by a
quadratic form under the assumption that V is periodic and satisﬁes (1.4)
for some p > 1: In Section 3, we use the Thomas approach to prove that our
main theorem follows from estimate (1.11). Sections 4–6 are devoted to the
proof of (1.11) (Theorem 3.10). In Section 4 we give the proof of (1.12)
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projection estimate (1.13). See Theorem 5.1. Finally, in Section 6 we use a
localization argument to deduce (1.11) from (1.12) and (1.13).
Throughout the rest of this paper, we will assume that d53; O ¼ ½0; 2pÞd ;
and V is periodic with respect to the lattice ð2pZÞd : We will use C to denote
positive constants which may depend on d; p and the matrix A; which are
not necessarily the same at each occurrence.
2. THE MORREY CLASS
We begin with the deﬁnition of the self-adjoint operator DADT þ V on
L2ðRdÞ: Let c 2 C10ðR
d Þ: Then
cðyÞ 
1
jOj
Z
O
cðxÞ dx









4CI1ðjrcjwOÞðyÞ; ð2:1Þ
where Ia denotes the Riesz potential
Iaðf ÞðxÞ ¼ Ca;d
Z
Rd
f ðyÞ dy
jx yjda
ð2:2Þ
(see [Lemma 7.16, 9]). It follows thatZ
O
jcj2jV j dx4C
Z
Rd
jI1ðjrcjwOÞj
2jV jwO dxþ C
Z
O
jV j dx
Z
O
jcj2 dx:
We now use the C. Fefferman–Phong estimate [8, Lemmas B and C],
Z
Rd
jI1ðf Þj2jV j dx4C sup
r>0
x2Rd
r2
1
rd
Z
Qðx;rÞ
jV ðyÞjp dy
 1=p Z
Rd
jf j2 dx; ð2:3Þ
where 1op4d=2: We obtain
Z
O
jcj2jV j dx4C sup
r>0
x2Rd
r2
1
rd
Z
Qðx;rÞ
ðjV jwOÞ
p dy
 1=p Z
O
jrcj2 dx
þ C
Z
O
jV j dx
Z
O
jcj2 dx
4C sup
0oro1
x2O
r2
1
rd
Z
Qðx;rÞ
jV jp dy
 1=p Z
O
jrcj2 dx
þ C
Z
O
jV j dx
Z
O
jcj2 dx:
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Z
Rd
jcj2jV j dx4C sup
0oro1
x2O
r2
1
rd
Z
Qðx;rÞ
jV jp dy
 1=p Z
Rd
jrcj2 dx
þ C
Z
O
jV j dx
Z
Rd
jcj2 dx: ð2:4Þ
To deﬁne the self-adjoint operator DADT þ V ; we consider the quadratic
form
q½f ; g ¼
Z
Rd
fhðDf ÞA;Dgi þ hVf ; gig dx ð2:5Þ
for f ; g 2 C10ðR
dÞ:
Theorem 2.6. Let V be a real periodic function and V 2 F plocðR
dÞ for some
p 2 ð1; d=2: Then there exists a positive constant e depending only on A; p and
d such that, if V satisfies condition (1.4), then there exists a unique self-adjoint
operator, which we denote by DADT þ V ; such that
q½f ; g ¼
Z
Rd
hðDADT þ V Þf ; gidx
for f 2 DomainðDADT þ V Þ and g 2 H1ðRd Þ:
The following lemma will be needed in the proof of Theorem 2.6.
Lemma 2.7. Let 1op4d=2: Suppose that V satisfies (1.4). Then
lim
N!1
sup
0oro1
x2O
r2
1
rd
Z
Qðx;rÞ
jVN j
p dy
 1=p
oe;
where VNðxÞ ¼ V ðxÞ if jV ðxÞj > N and VN ðxÞ ¼ 0 if jV ðxÞj4N :
Proof. By (1.4), there exist r0 > 0 and 0oe0oe such that
sup
x2O
0oror0
r2
1
rd
Z
Qðx;rÞ
jV jp dy
 1=p
oe0:
Given Q ¼ Qðx; rÞ: If ror0;
r2
1
jQj
Z
Q
jVN jp dy
 1=p
4r2
1
jQj
Z
Q
jV jp dy
 1=p
oe0:
PERIODIC SCHRO¨DINGER OPERATORS 321If r5r0; we have
r2
1
jQj
Z
Q
jVN jp dy
 1=p
4Cr0
Z
O
jVN jp dy
 1=p
;
where we have used the assumption p4d=2: Thus,
sup
0oro1
x2O
1
rd
Z
Qðx;rÞ
jVN j
p dy
 1=p
oe0 þ Cr0
Z
O
jVN j
p dx
 1=p
! e0
as N !1: From this, the lemma follows easily. ]
We now give the
Proof of Theorem 2.6. Let c 2 C10ðR
dÞ: In view of (2.4) and Lemma 2.7,
we haveZ
Rd
jcj2jV j dx4
Z
Rd
jcj2jVN j dxþ N
Z
Rd
jcj2 dx
4C sup
0oro1
x2O
r2
1
rd
Z
Qðx;rÞ
jVN j
p dy
 1=p Z
Rd
jrcj2 dx
þ C
Z
O
jV j dxþ N
 Z
Rd
jcj2 dx
4C sup
0oro1
x2O
r2
1
rd
Z
Qðx;rÞ
jVN jp dy
 1=p Z
Rd
hArc;rci dx
þ C
Z
O
jV j dxþ N
  Z
Rd
jcj2 dx
4Ce
Z
Rd
hArc;rci dxþ Ce;V
Z
Rd
jcj2 dx
if N is large. This implies that, if e is small so that Ceo1=2; the symmetric
quadratic form q is semi-bounded from below and closable on H1ðRdÞ:
Hence, it deﬁnes a unique self-adjoint operator. ]
In the rest of this section, we will establish two propositions concerning
the periodic functions which are locally in the Morrey class. They will be
used in the subsequent sections.
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and V 2 FplocðR
dÞ for some p 2 ð1; d=2: Let 1oqop and
oðxÞ ¼ fMðjV jqÞðxÞg1=q;
where Mðf Þ denotes the Hardy–Littlewood maximal function of f on Rd : Then
o 2 F plocðR
dÞ and
sup
0oro1
x2O
r2
1
rd
Z
Qðx;rÞ
joðyÞjp dy
 1=p
4C sup
0oro1
x2O
r2
1
rd
Z
Qðx;rÞ
jV jp dy
 1=p
; ð2:9Þ
where C depends only on p; q and d:
Remark 2.10. Since V is periodic and V 2 LqlocðR
dÞ; we have
Z
jxj4R
jV jq dx ¼ OðRdÞ as R !1:
It follows that MðjV jqÞðxÞo1 for a.e. x 2 Rd : Moreover, o ¼ fMðjV jqÞg1=q
is an A1 weight and
1
rd
Z
Qðx;rÞ
o dy4C inf
y2Qðx;rÞ
oðyÞ:
See [25, pp. 214–215]. Also note that, by the periodicity of V ;
oðxÞ4C sup
0or42p
1
rd
Z
Qðx;rÞ
jV jq dy
 1=q
: ð2:11Þ
Proof of Proposition 2.8. We shall adapt an argument in [8]. Also
see [4].
Fix Q ¼ Qðx0; r0Þ with x0 2 O and 0or0o1: Let V ¼ V1 þ V2 where
V1 ¼ VwQðx0;2r0Þ: Then
oðyÞ4fMðjV1jqÞðyÞg
1=q þ fMðjV2j
qÞðyÞg1=q ¼ o1ðyÞ þ o2ðyÞ:
PERIODIC SCHRO¨DINGER OPERATORS 323Since p=q > 1; by the well-known estimates for the maximal function [24],
r20
1
jQj
Z
Q
op1 dy
 1=p
4Cr20
1
j2Qj
Z
2Q
jV jp dx
 1=p
4C sup
0oro1
x2O
r2
1
rd
Z
Qðx;rÞ
jV jp dy
 1=p
: ð2:12Þ
Recall that w2ðxÞ ¼ fMðjV2j
qÞðxÞg1=q and V2 ¼ 0 on Qðx0; 2r0Þ: It is not
hard to see that o2ðxÞ4Co2ðx0Þ for any x 2 Q: Thus,
r20
1
jQj
Z
Q
op2ðxÞ dx
 1=p
4Cr20o2ðx0Þ:
Clearly, o2ðx0Þo1: Hence, there exists t > 2r0 such that
o2ðx0Þ4C
1
td
Z
Qðx0;tÞ
jV jq dx
 1=q
:
In view of (2.11), we may assume that t42p: We obtain
r20
1
jQj
Z
Q
op2 dx
 1=p
4Cr20
1
td
Z
Qðx0;tÞ
jV jq dx
 1=q
4Ct2
1
td
Z
Qðx0;tÞ
jV jp dx
 1=p
4C sup
0oro1
x2O
r2
1
rd
Z
Qðx;rÞ
jV jp dy
 1=p
:
This, together with (2.12), gives estimate (2.9) in the proposition.
Proposition 2.13. Suppose o50 is periodic with respect to ð2pZÞd and
o 2 F plocðR
dÞ for some p 2 ððd  1Þ=2; d=2: Let
onðxÞ ¼ onðx1; x2; . . . ; xdÞ ¼ sup
t>0
1
2t
Z x1þt
x1t
joðs; x2; . . . ; xdÞjq ds
 1=q
;
ð2:14Þ
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sup
0oro1
x2O
r2
1
rd
Z
Qðx;rÞ
opn dy
 1=p
4C sup
0oro1
x2O
r2
1
rd
Z
Qðx;rÞ
op dy
 1=p
; ð2:15Þ
where C depends only on p; q and d:
Remark 2.16. Note that, for a.e. x0 ¼ ðx2; . . . ; xdÞ 2 R
d1; we have
1
jI j
Z
I
onðx1; x2; . . . ; xdÞ dx14C inf
x12I
onðx1; x2; . . . ; xd Þ;
where I ¼ ða; bÞ and C depends only on q (e.g. see [25]). That is,
onð; x2; . . . ; xdÞ is an A1ðR
1Þ weight uniformly in x0 2 Rd1:
Proof of Proposition 2.13. We follow an argument in [4].
Fix Q ¼ Qðx; rÞ with 0oro1: Let N be an integer so that 2p42Nro4p:
Let R0 ¼ Qðx; 2rÞ and
Rj ¼ fy ¼ ðy1; . . . ; yd Þ: 2j1r4jy1  x1jo2jr; jy‘  x‘ jor; ‘ ¼ 2; . . . ; dg
for j ¼ 1; 2; . . . ; N and
RNþ1 ¼ fy ¼ ðy1; . . . ; ydÞ: jy1  x1j52Nr; jy‘  x‘jor; ‘ ¼ 2; . . . ; dg:
Write
o ¼
XNþ1
j¼0
owRj þ j:
We have
on4
XNþ1
j¼0
ðowRj Þn þ jn:
Note that jnðyÞ ¼ 0 if y 2 Qðx; rÞ:
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function to obtain
r2
1
rd
Z
Q
ðowR0 Þ
p
n
dy
 1=p
4Cr2
1
rd
Z
Qðx;2rÞ
op dy
 1=p
4C sup
0oto1
y2O
t2
1
td
Z
Qðy;tÞ
op dz
 1=p
:
For 14j4N; we note that, if y 2 Qðx; rÞ;
ðowRj ÞnðyÞ4C
1
2jr
Z
jsx1 jo2j r
joðs; y2; . . . ; ydÞjq ds
 1=q
4C
1
2jr
Z
jsx1 jo2j r
foðs; y2; . . . ; ydÞg
p ds
 1=p
:
It follows that
r2
1
jQj
Z
Q
ðowRj Þ
p
n
ðyÞ dy
 1=p
4Cr2
1
rd2j
Z
jy1x1 jo2j r
Z
jy2x2 jor=2
  
Z
jydxd jor=2
foðy1; . . . ; ydÞg
p dy
( )1=p
4Cr22jðd1Þ=p
1
jQðx; 2jþ1rÞj
Z
Qðx;2jþ1rÞ
opðyÞ dy
 1=p
¼ Cð2jÞ
d1
p
2
ð2jþ1rÞ2
1
jQðx; 2jþ1rÞj
Z
Qðx;2jþ1rÞ
opðyÞ dy
 1=p
4Cð2jÞ
d1
p
2
sup
0oto1
y2O
t2
1
jQðy; tÞj
Z
Qðy;tÞ
opðzÞ dz
 1=p
:
Finally, for j ¼ N þ 1; since o is periodic,
ðowRNþ1ÞnðyÞ4C
Z
jsx1 jop
foðs; y2; . . . ; yd Þg
q ds
 1=q
:
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r2
1
jQj
Z
Q
ðowRNþ1Þ
p
n
ðyÞ dy
 1=p
4Cr2
1
rd1
Z
O
op dy
 1=p
¼Cr
2d1
p
Z
O
op dy
 1=p
4C sup
0oto1
y2O
t2
1
td
Z
Qðy;tÞ
op dz
 1=p
;
where we used the assumption p > ðd  1Þ=2 in the last inequality.
Thus, we have proved that
r2
1
jQj
Z
Q
opnðyÞ dy
 1=p
4C 1þ
XN
j¼1
ð2jÞ
d1
p
2
( )
sup
0oto1
y2O
t2
1
td
Z
Qðy;tÞ
opðzÞ dz
 1=p
4C sup
0oto1
y2O
t2
1
td
Z
Qðy;tÞ
opðzÞ dz
 1=p
since ðd  1Þ=p  2o0: Estimate (2.15) now follows. ]
3. THE THOMAS APPROACH
We begin with the deﬁnition of ðDþ kÞAðDþ kÞT þ V on L2ðTdÞ for
k 2 Cd :
As in [21], let
H1ðTdÞ ¼ c 2 L2ðOÞ: cðxÞ ¼
X
n2Zd
ane
inx and
X
n2Zd
jnj2janj
2o1
( )
: ð3:1Þ
For k 2 Cd ; we consider the quadratic form
qðkÞ½f;c ¼
Z
O
fh½ðDþ kÞfA; ½ðDþ %kÞci þ hVf;cig dx ð3:2Þ
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proof of Theorem 2.6 that, if V satisﬁes (1.4) for some p > 1;
Z
O
jcj2jV j dx4Ce
Z
O
hðrcÞA;rci dxþ Ce;V
Z
O
jcj2 dx ð3:3Þ
for any e > 0: This implies that, if e is so small that Ceo1=2; the form qðkÞ is
strictly m-sectorial. Hence, there exists a unique closed operator, which we
denote by ðDþ kÞAðDþ kÞT þ V ; such that
qðkÞ½f;c ¼
Z
O
hfðDþ kÞAðDþ kÞT þ Vgf;ci dx ð3:4Þ
for any f 2 DomainððDþ kÞAðDþ kÞT þ V Þ and c 2 H1ðTdÞ [12]. Also
DomainððDþ kÞAðDþ kÞT þ V Þ
¼ ff 2 H1ðTd Þ: fðDþ kÞAðDþ kÞT þ Vgf 2 L2ðTdÞg
¼ ff 2 H1ðTd Þ: ðDADT þ V Þf 2 L2ðTdÞg ð3:5Þ
is independent of k:
Choose a 2 Rd such that
jaj ¼ 1; aA ¼ ðs0; 0; . . . ; 0Þ and s0 > 0: ð3:6Þ
Let
L ¼ fb 2 Rd : jbjo
ﬃﬃﬃ
d
p
and hb; ai ¼ 0g: ð3:7Þ
For a ﬁxed b 2 L; we consider the family of operators
HV ðzÞ ¼ ðDþ zaþ bÞAðDþ zaþ bÞ
T þ V ; z 2 C ð3:8Þ
deﬁned by the form (3.2). Since DomainðHV ðzÞÞ  H1ðT
dÞ; HV ðzÞ has
compact resolvent.
Proposition 3.9. If, for every b 2 L; the family of operators
fHV ðzÞ: z 2 Cg has no common eigenvalue, then the spectrum of the operator
DADþ V defined in Theorem 2.6 is purely absolutely continuous.
Proof. See [21, 20].
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the assumptions of the main theorem, we consider HV ðd0 þ irÞ for r 2 R;
where
d0 ¼
1
a1
1
2
 b1
 
:
We will show that fHV ðd0 þ irÞ: r 2 Rg has no common eigenvalue. This
will be done by establishing certain uniform estimates for
H0ðd0 þ irÞ ¼ ðDþ ðd0 þ irÞaþ bÞAðDþ ðd0 þ irÞaþ bÞ
T
on the weighted L2 spaces. ]
Theorem 3.10. Let o 2 LpðTdÞ for some p 2 ððd  1Þ=2; d=2: Suppose
o5co > 0 and
jjojjFpðTd Þ  sup
0oro1
x2O
r2
1
rd
Z
Qðx;rÞ
opðyÞ dy
 1=p
o1: ð3:11Þ
Then, if c 2 H1ðTdÞ and H0ðd0 þ irÞc 2 L2ðT
d ; dxo Þ; we have
jjcjjL2ðTd ;odxÞ4CjjojjFpðTd ÞjjH0ðd0 þ irÞcjjL2ðTd ;dxo Þ
; ð3:12Þ
where jrj51 and C does not depend on r and co:
Theorem 3.13. Let o 2 LpðTdÞ where p51 if d ¼ 3; p > ðd  2Þ=2
if d54: Suppose o5co > 0: Then, if c 2 H1ðT
dÞ; and H0ðd0 þ irÞc 2 L2
ðTd ; dxo Þ; we have
crðcoÞ
1=2jjcjj
L2ðTd ;dxo Þ
4ðjjojjLpðTd ;dxÞÞ
1=2jjH0ðd0 þ irÞcjj
L2ðTd ;dxo Þ
; ð3:14Þ
where cr !1 as jrj ! 1:
We now give the
Proof of the Main Theorem, Assuming Theorems 3.10 and 3.13. In
view of Proposition 3.9, we suppose that E is an eigenvalue for HV ðzÞ
for all z 2 C: Let z ¼ d0 þ ir: There exists cr 2 DomainðHV ðzÞÞ such
that
jjcjjL2ðTd ;dxÞ ¼ 1 and HV ðzÞcr ¼ Ecr:
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sup
0oro1
x2O
r2
1
rd
Z
Qðx;rÞ
jVN j
p dy
 1=p
oe: ð3:15Þ
Let
oðxÞ ¼ fMðjVN jqÞðxÞg
1=q; ð3:16Þ
where Mðf Þ denotes the Hardy–Littlewood maximal function of f on Rd ;
and 1oqop: We may assume that V =2 L1ðOÞ for otherwise the absolute
continuity of DADT þ V is well known. This implies that oðxÞ5co > 0:
Note that o is periodic with respect to ð2pZÞd : Also by (2.9) and (3.15),
sup
0oro1
x2O
r2
1
rd
Z
Qðx;rÞ
jojp dy
 1=p
oCe: ð3:17Þ
Since o5jVN j a.e., we haveZ
O
jVcrj
2 dx
o
4N2
Z
O
jcrj
2 dx
o
þ
Z
O
jcrj
2jVN j2
dx
o
4N2
Z
O
jcrj
2 dx
o
þ
Z
O
jcrj
2o dx:
This, together with (3.17), the C. Fefferman–Phong estimate (2.3) and the
fact that cr 2 H
1ðTdÞ; implies that Vcr 2 L
2ðTd ; dxo Þ: Since o5co > 0; we
have cr 2 L
2ðTd ; dxo Þ: It follows that
H0ðd0 þ irÞcr 2 L
2 Td ;
dx
o
 
and
jjH0ðd0 þ irÞcrjjL2ðTd ;dxo Þ
4fjEj þ NgjjcrjjL2ðTd ;dxo Þ
þ jjcrjjL2ðTd ;odxÞ: ð3:18Þ
Now, by Theorem 3.10 and (3.17),
jjcrjjL2ðTd ;odxÞ4C0e0jjH0ðd0 þ iÞrcrjjL2ðTd ;dxo Þ
;
where r51 and C0 depends only on p; q; A and d: In view of (3.18), we see
that, if e is chosen so small that C0e41=2; we have
jjH0ðd0 þ irÞcrjjL2ðTd ;dxo Þ
42fjEj þ NgjjcrjjL2ðTd ;dxo Þ
:
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crðcoÞ
1=24ðjjojjLpðTd ;dxÞÞ
1=22fjEj þ Ng:
We obtain a contradiction since cr !1 as r!1:
This shows that fHV ðzÞ: z 2 Cg has no common eigenvalue. By
Proposition 3.9, the spectrum of DADT þ V on L2ðRdÞ is purely absolutely
continuous. ]
We end this section with the proof of Theorem 3.13. The proof of
Theorem 3.10 is much more involved, as we discussed in the introduction. It
will be given in Sections 4–6.
Proof of Theorem 3.13. Theorem 3.13 is a consequence of Theorem 2.1
in [21]. Indeed, it follows from Theorem 2.1 in [21] that, if c 2 H1ðTdÞ and
H0ðd0 þ irÞc 2 Lp0 ðT
d ; dxÞ; we have
crjjcjjL2ðTd ;dxÞ4jjH0ðd0 þ irÞcjjLp0 ðTd ;dxÞ;
where cr !1 as jrj ! 1; 14p042 if d ¼ 3 and 2ðd  2Þ=dop042 if d54:
Note that, by Ho¨lder’s inequality,
jjH0ðd0 þ irÞcjjLp0 ðTd ;dxÞ4jjH0ðd0 þ irÞcjjL2ðTd ;dxo Þ
ðjjojjLpðTd ;dxÞÞ
1=2;
where p ¼ p0=ð2 p0Þ: It is easy to see that 14p042 if 14p41; and
2ðd  2Þ=dop042 if ðd  2Þ=2op41: It follows that
crjjcjj
L2ðTd ;dxo Þ
4
1
ðcoÞ
1=2
crjjcjjL2ðTd ;dxÞ
4
1
ðcoÞ
1=2
jjH0ðd0 þ irÞcjj
L2ðTd ;dxo Þ
ðjjojjLpðTd ;dxÞÞ
1=2;
where p51 if d ¼ 3; p > ðd  2Þ=2 if d54: The proof of Theorem 3.13 is
ﬁnished. ]
4. A WEIGHTED UNIFORM SOBOLEV INEQUALITY
For
cðxÞ ¼
X
n2Zd
#cðnÞeinx ð4:1Þ
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ﬃﬃﬃ
d
p
; we deﬁne
ScðxÞ ¼
X
n2Zd
#cðnÞeinx
ðnþ bÞAðnþ bÞT þ z
; ð4:2Þ
where z 2 C; Im za0: We choose a branch of
ﬃﬃ
z
p
so that Re
ﬃﬃ
z
p
50:
This section is devoted to the proof of the following theorem.
Theorem 4.3. Let o 2 LpðTdÞ for some p 2 ððd  1Þ=2; d=2: Suppose that
o5co > 0 and jjojjFpðTd Þo1: Let z 2 C such that Im za0 and Re
ﬃﬃ
z
p
5c0 > 0:
Then, for any c 2 L2ðTd ; dxÞ;
jjo1=2Sðco1=2ÞjjL2ðTd ;dxÞ4CjjojjFpðTd ÞjjcjjL2ðTd ;dxÞ; ð4:4Þ
where C depends only on p, d; A; and c0:
Proof. For x 2 C; we consider two analytic families of operators,
SxcðxÞ ¼
X
n2Zd
#cðnÞeinx
½ðnþ bÞAðnþ bÞT þ zx
ð4:5Þ
and
Txc ¼ ox=2Sxðox=2cÞ: ð4:6Þ
Clearly, if Re x ¼ 0;
jjTxcjjL2ðO;dxÞ4Ce
cjIm xjjjcjjL2ðO;dxÞ: ð4:7Þ
If Re x ¼ ðd  1Þ=2; we use the estimate obtained in [21] for the integral
kernel of Sx: We have
SxcðxÞ ¼
Z
O
Gxðx yÞcðyÞ dy ð4:8Þ
and
jGxðxÞj4CecjIm xj 1þ
X
jxþ2pnj4C
1
jxþ 2pnj
( )
: ð4:9Þ
ZHONGWEI SHEN332See (6.10) in [21]. It follows that
jSxcðxÞj4CecjIm xj
Z
O
jcðyÞj dyþ
Z
O
X
jxyþ2pnj4C
jcðyÞj dy
jx yþ 2pnj
( )
4CecjIm xj
Z
O
jcðyÞj dyþ Id1ðjcjwO0 ÞðxÞ
 
;
where O0 ¼
S
jnj4C ðOþ 2pnÞ; and in the last inequality we used the fact that
c is periodic. Hence, if Re x ¼ ðd  1Þ=2;
jTxcðxÞj
4CecjIm xj ðoðxÞÞ
d1
4
Z
O
jcðyÞjðoðyÞÞ
d1
4 dyþðoðxÞÞ
d1
4 Id1ðjcjwO0o
d1
4 ÞðxÞ
 
:
This, together with the weighted norm inequality for the fractional integral
Id1 [5, 15], gives
jjTxcjjL2ðO;dxÞ
4CecjIm xj
Z
O
o
d1
2 dxjjcjjL2ðO;dxÞ þ jjwO0o
d1
4 Id1ðjcjwO0o
d1
4 ÞjjL2ðRd ;dxÞ
 
4CqecjIm xj sup
r>0
x2Rd
rd1
1
rd
Z
Qðx;rÞ
ðwO0o
d1
2 Þq dy
 1=q
jjcwO0 jjL2ðRd ;dxÞ;
where q > 1: Note that, since c and o are periodic, we have
jjcwO0 jjL2ðRd ;dxÞ4CjjcjjL2ðO;dxÞ
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sup
r>0
x2Rd
rd1
1
rd
Z
Qðx;rÞ
ðo
d1
2 wO0 Þ
q dy
 1=q
4C sup
0oro1
x2O
rd1
1
rd
Z
Qðx;rÞ
o
ðd1Þ q
2 dy
 1=q
4C sup
0oro1
x2O
r2
1
rd
Z
Qðx;rÞ
op dy
 1=p8<
:
9=
;
d1
2
¼ CðjjojjF pðTd ÞÞ
d1
2
if we choose q ¼ 2p=ðd  1Þ > 1: Thus we obtain that, if Re x ¼ ðd  1Þ=2;
jjTxcjjL2ðO;dxÞ4Ce
cjIm xjðjjojjF pðTd ÞÞ
d1
2 jjcjjL2ðO;dxÞ: ð4:10Þ
Finally, we write
1 ¼ t
d  1
2
þ ð1 tÞ  0; where t ¼
2
d  1
:
It follows from (4.7), (4.10) and the Stein interpolation theorem [25, p. 385]
that
jjT1cjjL2ðO;dxÞ4CjjojjFpðTd ÞjjcjjL2ðO;dxÞ:
Since T1c ¼ o1=2Sðo1=2cÞ; (4.4) is proved. ]
5. A WEIGHTED L2 ESTIMATE FOR THE SPECTRAL
PROJECTION
The goal of this section is to establish the following theorem
for the spectral projection associated with the operator DADT on the
d-torus.
ZHONGWEI SHEN334Theorem 5.1. Let o 2 LpðTdÞ for some p 2 ððd  1Þ=2; d=2: Suppose that
o5co > 0 and jjojjFpðTd Þo1: Then, for any c 2 L2ðTd ; dxÞ and k50;
X
jnBj2½k;kþ1Þ
#cðnÞeinx
























L2ðTd ;odxÞ
4Cðk þ 1Þ1=2ðjjojjFpðTd ÞÞ
1=2jjcjjL2ðTd ;dxÞ; ð5:2Þ
where B ¼ Bdd ¼
ﬃﬃﬃﬃ
A
p
50 and C depends only on p, d and A:
It is not hard to see that (5.2) is a direct consequence of the weighted L2
inequality in the next theorem.
Theorem 5.3. Let o 2 LpðTdÞ for some p 2 ððd  1Þ=2; d=2: Suppose that
o5co > 0 and jjojjFpðTd Þo1: Then, for any c 2 C1ðTdÞ and k51;
jjcjjL2ðTd ;odxÞ4Ck
1=2ðjjojjFpðTd ÞÞ
1=2jjðDADT  k2  2ikÞcjjL2ðTd ;dxÞ: ð5:4Þ
The proof of Theorem 5.3 relies on a weighted version of the Stein
oscillatory integral theorem in Rd [25, p. 380].
Theorem 5.5. Let o50 and o 2 FplocðR
d Þ for some p 2 ððd  1Þ=2; d=2Þ:
Suppose that
jjojjFpðRd Þ  sup
r>0
x2Rd
r2
1
rd
Z
Qðx;rÞ
op dy
 1=p
o1: ð5:6Þ
Let a 2 C1ðRd  RdÞ and
supp a  fðx; yÞ 2 Rd  Rd : 1=24jx yj42g: ð5:7Þ
Then, for any f 2 L2ðRd ; dxÞ;
Z
Rd
eiljxyjaðx; yÞf ðyÞ dy




















L2ðRd ;odxÞ
4Cjlj
2d
2 ðjjojjFpðRd ÞÞ
1=2jjf jjL2ðRd ;dxÞ; ð5:8Þ
where l 2 R; jlj51 and C depends only on p, d and the size of finite many
derivatives of the function a.
Proof. We adapt an argument of Stein found in [25, pp. 380–386].
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supp a fðx; yÞ 2 Rd  Rd : jx x0jod; jy y0jod and
1=24jx yj42g ð5:9Þ
for some x0; y0 2 R
d ; where d is sufﬁciently small. Also, by considering
*oðxÞ ¼ oðxÞ þ
e
jxj2
and then letting e! 0; we may assume that o > 0:
Next we observe that, by duality, it sufﬁces to show thatZ
Rd
eiljxyjaðx; yÞf ðyÞ dy




















L2ðRd ;dxÞ
4Cjlj
2d
2 ðjjojjFpðRd ÞÞ
1=2jjf jj
L2ðRd ;dxo Þ
: ð5:10Þ
By translation, we may assume that x0 ¼ 0: Since aðx; yÞ ¼ 0 if jx1j > d; we
need only to show that, for any ﬁxed x1 2 ½d; d;Z
Rd1
Z
Rd
eiljxyjaðx1;x0; yÞf ðyÞ dy










2
dx0
4Cjlj2d jjojjF pðRd Þ
Z
Rd
jf ðzÞj2
dz
oðzÞ
; ð5:11Þ
where x0 ¼ ðx2; . . . ; xdÞ 2 R
d1:
To this end, we let
Slf ðx0Þ ¼
Z
Rd
eiljxyjaðx1;x0; yÞf ðyÞ dy ð5:12Þ
with x ¼ ðx1;x0Þ and x1 2 ½d; d ﬁxed. It is not hard to see that (5.11) would
follow from
jjo1=2SnlSlðo
1=2f ÞjjL2ðRd ;dyÞ4Cjlj
2d jjojjFpðRd Þjjf jjL2ðRd ;dyÞ: ð5:13Þ
Note that
SnlSlf ðyÞ ¼
Z
Rd
Klðy; zÞf ðzÞ dz; ð5:14Þ
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Klðy; zÞ ¼
Z
Rd1
eilðjyxjjzxjÞ %aðx1;x0; yÞaðx1;x0; zÞ dx0: ð5:15Þ
By Stein [25], there exists an analytic family of operators
Uslf ðyÞ ¼
Z
Rd
Kslðy; zÞf ðzÞ dz ð5:16Þ
such that
U0l ¼ S
n
lSl; ð5:17Þ
jjUslf jjL2ðRd ;dyÞ4
C
jljd
jjf jjL2ðRd ;dyÞ if Re s ¼ 1; ð5:18Þ
jKslðy; zÞj4
C
1þ jljjy zj
if Re s ¼ 
d  3
2
: ð5:19Þ
We remark that Kslðy; zÞ is given by
Z
Rd
eil½Fðu;x
0 ;yÞFðu;x0 ;zÞ %aðx1;x0; yÞaðx1;x0; zÞasðuÞ dx0 du; ð5:20Þ
where
Fðu;x0; yÞ ¼ jy ðx1;x0Þj þ uf0ðyÞ; u 2 R; x
0 2 Rd1 ð5:21Þ
and f0 is chosen so that
det
@2
@x˜j@yk
Fðu;x0; yÞ
 
a0; *x ¼ ðu;x0Þ; ð5:22Þ
if jðx1; x0Þj4d and jy y0j4d: Also in (5.20), fasg is a family of distributions
on R1: When Re s > 0;
asðuÞ ¼
es
2
GðsÞ
us1ZðuÞ if u > 0;
0 if u40;
8><
>: ð5:23Þ
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continuation. See [25, p. 381].
By (5.20),
Kslðy; zÞ ¼ Klðy; zÞ#asðlf0ðyÞ  lf0ðzÞÞ: ð5:24Þ
Estimation (5.19) follows from
jKlðy; zÞj4
C
f1þ jlj jy zjgðd1Þ=2
ð5:25Þ
and
j#asðuÞj4
C
ð1þ jujÞs
; Re s ¼ s and s41 ð5:26Þ
(see [25, p. 382]).
Finally, we consider the analytic family of operators
W slðf Þ ¼ o
1s
2 Uslðo
1s
2 f Þ: ð5:27Þ
It follows from (5.18) that, if Re s ¼ 1;
jjW slf jjL2ðRd ;dyÞ4
C
jljd
jjf jjL2ðRd ;dyÞ: ð5:28Þ
If Re s ¼ ðd  3Þ=2; by (5.19), we have
jW slðf Þj4
C
jlj
o
d1
4 Id1ðo
d1
4 jf jÞ: ð5:29Þ
This, together with the weighted norm inequality for Id1 [5, 15], gives
jjW slðf ÞjjL2ðRd ;dyÞ4
Cq
jlj
sup
r>0
x2Rd
rd1
1
rd
Z
Qðx;rÞ
o
ðd1Þ q
2 dy
 1=q
jjf jjL2ðRd ;dyÞ;
where q > 1: Letting q ¼ 2p=ðd  1Þ > 1; we have
jjW slðf ÞjjL2ðRd ;dxÞ4
C
jlj
ðjjojjFpðRd ÞÞ
d1
2 jjf jjL2ðRd ;dxÞ ð5:30Þ
if Re s ¼ ðd  3Þ=2:
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385]. Since
0 ¼ t 
d  3
2
 
þ ð1 tÞ  1; where t ¼
2
d  1
;
we obtain
jjW 0l ðf ÞjjL2ðRd ;dyÞ4
C
jljd2
jjojjFpðRd Þjjf jjL2ðRd ;dyÞ:
Note that W 0l ðf Þ ¼ o
1=2U0l ðo
1=2f Þ ¼ o1=2SnlSlðo
1=2f Þ: Estimation (5.13) is
proved. ]
To prove Theorem 5.3, let FzðÞ be the Fourier transform of ½j  j
2 þ z1 in
Rd where Re
ﬃﬃ
z
p
51: We have
FzðxÞ ¼
1
ð2pÞd
Z
Rd
eixy
jyj2 þ z
dy
¼ cd
z
jxj2
 1
2
ðd
2
1Þ
Kd
2
1
ð
ﬃﬃ
z
p
jxjÞ; ð5:31Þ
where Kd=21 denotes the modiﬁed Bessel function of the third kind of order
ðd=2Þ  1 [18]. By a change of variables, it is easy to see that the Fourier
transform of ½jyBj2 þ z1 is given by
Fz;BðxÞ ¼
1
detðBÞ
FzðxB1Þ
¼
cd
detðBÞ
z
jxB1j
 1
2
ðd
2
1Þ
Kd
2
1
ð
ﬃﬃ
z
p
jxB1jÞ; ð5:32Þ
where B ¼
ﬃﬃﬃﬃ
A
p
:
Theorem 5.33. Let Z 2 C10 ðð2; 2ÞÞ such that ZðrÞ ¼ 1 if jrj41: Let
o be a nonnegative function on Rd satisfying jjojjFpðRd Þo1 for some p 2
ððd  1Þ=2; d=2: Then
Z
Rd
Zðjx yjÞFz;Bðx yÞf ðyÞ dy




















L2ðRd ;odxÞ
4
C
jzj1=4
ðjjojjFpðRd ÞÞ
1=2jjf jjL2ðRd ;dxÞ; ð5:34Þ
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ﬃﬃ
z
p
51 and C depends only on p, d; B and the size of finite many
derivatives of Z:
Proof. Theorem 5.33 follows from Theorem 5.5 by using partition of
unity and standard rescaling argument. We omit the details. See [23, pp.
134–135] for the case of L2 ! Lq estimates.
We are now ready to give the
Proof of Theorem 5.3. Let c 2 C1ðTdÞ: Fix x0 2 O: We choose
*Z 2 C10 ðQðx0; 1=2ÞÞ such that *Z  1 on Qðx0; 1=4Þ: Then, for z ¼ ðk þ iÞ
2
with k51;
cðxÞ*ZðxÞ2
¼ *ZðxÞ
Z
Rd
Fz;Bðx yÞðDADT þ zÞðc*ZÞ dy
¼ *ZðxÞ
Z
Rd
Fz;Bðx yÞfðDADT þ zÞc  *Z 2DcAðD*ZÞ
T  cDADT *Zg dy
¼ *ZðxÞ
Z
Rd
Fz;Bðx yÞZðjx yjÞ
 fðDADT þ zÞc  *Z 2DcAðD*ZÞT  cDADT *Zg dy;
where Z 2 C10 ðð2; 2ÞÞ; ZðrÞ ¼ 1 if jrj41: It follows from Theorem 5.33 that
jjc*Z2jjL2ðRd ;odxÞ
4Ck1=2ðjjo*Z2jjFpðRd ÞÞ
1=2
 fjj½DADT þzÞc*ZjjL2ðRd ;dxÞþjjDcAðD*ZÞ
T jjL2ðRd ;dxÞ þ jjcDAD
T *ZjjL2Rd ;dxÞg
4Ck1=2ðjjo*Z2jjFpðRd ÞÞ
1=2
 fjjDADT  k2  2ikÞcjjL2ðTd ;dxÞ þ jjDcjjL2ðTd ;dxÞ þ jjcjjL2ðTd ;dxÞg; ð5:35Þ
where we have used the fact that c is periodic in the last inequality.
Note that, since o is periodic,
jjo*Z2jjFpðRd Þ4C sup
0oro1
x2O
r2
1
rd
Z
Qðx;rÞ
op dy
 1=p
¼CjjojjFpðTd Þ: ð5:36Þ
ZHONGWEI SHEN340Also, using the Fourier series and Parseval’s formula [26], one may show
that, for k51;
jjcjjL2ðTd ;dxÞ þ jjDcjjL2ðTd ;dxÞ4CjjðDAD
T  k2  2ikÞcjjL2ðTd ;dxÞ: ð5:37Þ
In view of (5.35) and (5.36), this gives
jjcjjL2ðTd ;odxÞ4Ck
1=2ðjjojjFpðTd ÞÞ
1=2jjðDADT  k2  2ikÞcjjL2ðTd ;dxÞ:
The proof is ﬁnished. ]
Proof of Theorem 5.1. We may assume k51: For any c 2 L2ðTd ; dxÞ; let
fðxÞ ¼
X
jnBj2½k;kþ1Þ
#cðnÞeinx:
Clearly, f 2 C1ðTdÞ and
jjðDADT  k2  2ikÞfjjL2ðTd ;dxÞ4CkjjcjjL2ðTd ;dxÞ:
It follows from Theorem 5.3 that
jjfjjL2ðTd ;odxÞ4Ck
1=2ðjjojjFpðTd ÞÞ
1=2jjðDADT  k2  2ikÞfjjL2ðTd ;dxÞ
4Ck1=2ðjjojjFpðTd ÞÞ
1=2jjcjjL2ðTd ;dxÞ:
Estimate (5.2) is now proved. ]
6. THE PROOF OF THEOREM 3.10
Let o 2 LpðTdÞ for some p 2 ððd  1Þ=2; d=2: Suppose that o5co > 0 and
jjojjFpðTd Þo1: We need to show that, for any c 2 L2ðTd ; dxo Þ;
jjH0ðd0 þ irÞ
1cjjL2ðTd ;odxÞ4CjjojjF pðTd ÞjjcjjL2ðTd ;dxo Þ
; ð6:1Þ
where
H0ðd0 þ irÞ
1cðxÞ ¼
X
n2Zd
#cðnÞeinx
ðnþ kÞAðnþ kÞT
ð6:2Þ
and k ¼ ðd0 þ irÞaþ b:
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P1
j¼1 cj where
cj ¼
X
n2Zd
n12½2j1;2j1
#cðnÞeinx for j51;
cj ¼
X
n2Zd
n12½2jþ1;2j1
#cðnÞeinx for j5 1;
c0 ¼
X
n2Zd
n1¼0
#cðnÞeinx: ð6:3Þ
Proposition 6.4. If estimate (6.1) holds for cj with a constant C
independent of j, then it holds for c:
Proof. Let on be deﬁned by (2.14). Note that on5o: By Proposition
2.13 and Remark 2.16, jjonjjFpðTd Þ4CjjojjFpðTd Þ and onð; x2; . . . ; xdÞ;on
ð; x2; . . . ; dd Þ
1 are A2ðRÞ weights uniformly in x0 ¼ ðx2; . . . ; xdÞ 2 T
d1:
This, together with the weighted one-dimensional Littlewood–Paley theory
on T1 [28, 17], gives
jjH0ðd0 þ irÞ
1cjjL2ðTd ;odxÞ4 jjH0ðd0 þ irÞ
1cjjL2ðTd ;ondxÞ
4C
X1
j¼1
jH0ðd0 þ irÞ
1cj j
2
 !1=2



























L2ðTd ;ondxÞ
4CjjonjjFpðTd Þ
X1
j¼1
jcj j
2
 !1=2



























L2ðTd ;dxon
Þ
4CjjojjFpðTd Þ
X1
j¼1
jcj j
2
 !1=2



























L2ðTd ;dxon
Þ
4CjjojjFpðTd ÞjjcjjL2ðTd ;dxonÞ
4CjjojjFpðTd ÞjjcjjL2ðTd ;dxo Þ
:
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1cj for j51 in details. The case
j40 may be handled in the same manner.
To this end, we note that, by (3.6) and (3.7),
ðnþ kÞAðnþ kÞT
¼ jðnþ bÞBj2 þ 2d0ðn1 þ b1Þs0 þ ðd
2  r2Þa1s0 þ 2irðn1 þ 12Þs0; ð6:5Þ
where B ¼
ﬃﬃﬃﬃ
A
p
: Fix j51; let
zj ¼ r2a1s0 þ 2ir2js0: ð6:6Þ
Since Re
ﬃﬃﬃﬃ
zj
p
5c minð2j ;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jrj2j
p
Þ5c0 > 0 (see [21]), by Theorem 4.3, we have
X
n2Zd
#cjðnÞe
inx
jðnþ bÞBj2 þ zj
























L2ðTd ;odxÞ
4CjjojjFpðTd Þjjcj jjL2ðTd ;dxo Þ
: ð6:7Þ
It remains to show that
H0ðd0 þ rÞ
1cj 
X
n2Zd
#cjðnÞe
inx
jðnþ bÞBj2 þ zj
























L2ðTd ;odxÞ
4CjjojjFpðTd Þjjcj jjL2ðTd ;dxo Þ
: ð6:8Þ
Using the Minkowski’s inequality, we can bound the left-hand side of
(6.8) by
X1
M¼1
X
jnBj2½M1;MÞ
#cjðnÞe
inxfjðnþ bÞBj2 þ zj  ðnþ kÞAðnþ kÞ
Tg
½ðnþ kÞAðnþ kÞT   ½jðnþ bjÞBj2 þ zj
























L2ðTd ;odxÞ
4Cjjojj1=2
FpðTd Þ
X1
M¼1
M1=2

X
jnBj2½M1;MÞ
#cjðnÞe
inxfjðnþ bÞBj2 þ zj  ðnþ kÞAðnþ kÞ
Tg
½ðnþ kÞAðnþ kÞT   ½jðnþ bjÞBj2 þ zj
























L2ðTd ;dxÞ
4Cjjojj1=2
FpðTd Þ
X1
M¼1
M1=2
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n2Zd
n12½2j1;2j1
jnBj2½M1;MÞ
jðnþ bÞBj2 þ zj  ðnþ kÞAðnþ kÞ
T
½ðnþ kÞAðnþ kÞT   ½jðnþ bjÞBj2 þ zj













X
n2Zd
jnBj2½M1;MÞ
#cjðnÞe
inx




































L2ðTd ;dxÞ
4CjjojjF pðTd Þjjcj jjL2ðTd ;dxo Þ
X1
M¼1
M
 sup
n2Zd
n12½2j1;2j1
jnBj2½M1;MÞ
jðnþ bÞBj2 þ zj  ðnþ kÞAðnþ kÞ
T
½ðnþ kÞAðnþ kÞT   ½jðnþ bjÞBj2 þ zj












4CjjojjF pðTd Þjjcj jjL2ðTd ;dxo Þ

X1
M¼1
M sup
n2Zd
jnBj2½M1;MÞ
jrj2j
fjjðnþ bÞBj2  r2a1s0j þ 2j jrjg
2
;
where we have used (5.2) and its dual
X
jnBj2½k;kþ1Þ
#cðnÞeinx
























L2ðTd ;dxÞ
4Cðk þ 1Þ1=2ðjjojjFpðTd ÞÞ
1=2jjcjj
L2ðTd ;dxo Þ
ð6:9Þ
in the ﬁrst and third inequalities, respectively.
Estimate (6.1) now follows from the estimate
X1
M¼1
M sup
n2Zd
jnBj2½M1;MÞ
jrj2j
fjjðnþ bÞBj2  r2a1s0j þ 2j jrjg
2
4C ð6:10Þ
which was proved in [21, (5.10)]. The proof of Theorem 3.10 is ﬁnally
complete. ]
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